The authors prove a conjecture on elliptic integrals and obtain sharp bounds for ϕ K (r) and λ(K). By using Teichmüller's module theorem, the authors obtain a distortion theorem of K-quasiconformal mappings on the plane.
Introduction
The quasiconformal ϕ-distortion function is defined as
where 
r = √ 1 − r 2 . In the sequel, we will use the symbols K and E for K(r) and E(r), respectively. The function ϕ K (r) has found important applications in the theories of conformal, harmonic, and quasiconformal mappings [1] [2] [3] 9, 12, 13, 17] . Some of the function-theoretic applications rely on explicit estimates for the rather involved function ϕ K (r).
Some other special functions of the geometric theory of quasiconformal maps can be expressed in terms of ϕ K (r). In 1959 Lehto, Virtanen and Väisälä [11] (see also [10, pp. 80-82, 105-108] ) introduced an important function
which measures the distortion of the boundary values of a K-quasiconformal self-mapping of the upper half plane preserving the point ∞. This function plays an important role in the study of the Grötzsch ring function μ(r) and the distortion function ϕ K (r) [1, 4, 15] . In this paper we shall prove several inequalities for ϕ K (r) and λ(K), and obtain a distortion theorem of K-quasiconformal mappings on the plane by using Teichmüller's module theorem.
Inequalities for ϕ K (r) and λ(K)
In this section we first prove a conjecture on the function
which is presented in [7] :
The following derivative formula is needed in our proof [14, Lemma 2.2]: for r ∈ (0, 1),
The latter expression follows from Legendre's relation [8] . We first establish a lemma which is needed in the proof of the conjecture.
Lemma. The function g(r)
= (r/r 2 ) log(1/r) is strictly increasing from (0, 1) onto (0, 1/2). (1 − r)r log 4 < m(r) + log r < r log 4.
Proof. It is well known that the function (K − E)/(r 2 K) is strictly increasing from (0, 1) onto (1/2, 1), and the function rK is positive and strictly increasing on (0, 1) (see [4, Theorem 3 .21 (7) and Section 3.43(32)]). By differentiation and (5), we have
which is a sum of two positive and strictly increasing functions by lemma. Hence the monotonicity and concavity of f are proved.
The limiting values of f have been obtained in [7] , and the inequalities (6) are clear. 2
By Theorem 1 and [16, Theorem 6(2) and Corollaries 1(2) and 5], we can easily obtain the sharp bounds for the distortion function ϕ 1/K (r):
where
In the paper [1] , the inequalities
are obtained, where
37688. We shall derive a monotonicity result for the function λ(K) and improve the right-hand inequality of (8).
Theorem 2. There exists a unique point
is strictly decreasing from (1, K 0 ) onto (f (K 0 ), a − 1), and strictly increasing from
Proof. Let r = μ −1 (πK/2). By [5, (3. 3) and (3.1)], we have r = (1+λ(K)) −1/2 , 0 < r 2 −1/2 , or λ(K) = r 2 /r 2 , and K (r)/K(r) = (2/π)μ(r) = K. Thus the monotonicity of the function
is equivalent to that of the function
By [6, Lemma 2.1] and differentiation of F (r), we have
By differentiation and using Legendre's relation [8] , we obtain
The third term of (11) is strictly decreasing 
Remark.
(1) The inequality (9) improves the right hand of (8) , especially when K is large, since the term Corollary 2.3] and (9), we have
Distortion theorem
By using Teichmüller's module theorem, we shall obtain a distortion theorem of K-quasiconformal mappings on the plane. 
and
Proof. Let B be the Teichmüller extremal domain that is the plane slit along the real axis from −1 to 0 and |z| to ∞, then (cf. 
